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We present  the basis of an analytical  method for determining the cr i t ical  t empera tu re  f rom 
experimental  data on a boundary curve in p ,T-coordina tes .  We show that our method for 
determining Tcr i t  is accura te  to within 0,1%. 

It is a known fact [1, 2] that the most  accura te  values of cr i t ical  pa rame te r s  are  determined in spe- 
cial experiments  where the unknown quantities Tcr i t ,  Pcrit,  Pc r i t  vary  direct ly .  Owing to the specific 
pecul iar i t ies  in the behavior  of a mater ia l  at a cr i t ical  point, setting up such experiments  is complicated 
and does not always lead to the desi red resu l t s .  In our judgment, the problem of determining the cr i t ical  
t empera tu re  can be solved analytically over a wide range of t empera tu re  var ia t ion by using experimental  
data on a boundary curve in p ,T-coordina tes .  

Data charac te r iz ing  the boundary curve Ps(T) a re  usually obtained in studies of the thermodynamic  
proper t ies  of mater ia ls  (P, p, T-data) by extrapolating either the i sochore  P(T) to the elast ic  curve Ps(T) 
or the i so therm P(~) to the isobars  Ps = consto In a region of t empera tu res  far f rom the cri t ical  point the 
isolines,  in passing f rom a homogeneous to a heterogeneous region, show a well-defined break, the loca-  
tion of which can be determined very  accura te ly .  The c loser  the approach to Tcr i t  the c loser  the angles 
of inclination of the curves in the single and two-phase regions approach one another,  leading thereby to 
the appearance of an indeterminacy in the determinat ion of the break  location. The boundary curve, con- 
s t rueted f rom the experimental  data, has thus the form of a truncated parabola,  the position of whose 
vertex,  i . e . ,  the cr i t ical  pa rame te r s ,  cannot be determined graphical ly  with sufficient accuracy .  This 
p roblem lends i tself  to an analytical  t rea tment ,  the basis for which res ides  in the proper t ies  of the mate-  
r ial  on the boundary curve in a neighborhood of the cr i t ical  point. 

A general  form for the boundary curve Ps (T) throughout the region in which liquid and vapor exist is 
a r a the r  complicated one. However, in a neighborhood of the cr i t ical  point it turns out to be possible,  
owing to the sat isfact ion of the welld;nown conditions (see, for example, [3, 4]) (aP/aV)Ter i t  = (a2P/  
aV2)Tcrit = 0; (a3P/av3)Tcrit < 0, to establish the form of the boundary curve.  It was shown in [3, 4] that 
by expanding the state pa rame te r s  in a Taylor  ser ies  in the small  increments  Vcrit -- v, t c r i t  -- t, Pcr i t  
- -  P the boundary curve must  have the form of a s y m m e t r i c  second-degree  parabola,  i .e . ,  v V -- Verit 
= Verit --  v L ~ (Tcrit --  T) ~/~ and v V -- v L ~ (Tcrit - -  T) ~/2, or, s ince we are  dealing with small  inc re -  
ments,  we can wri te  

OL --/3V~ (Ted t -  T) 1/2. (1) 

An analysis  of experimental  data for or thobaric  densit ies for a number of nonconducting liquids 
leads to the establ ishment  of the one-third power law [5, 6] for the boundary curve instead of the law (1): 

PL - - P v ~  (Tcrit-- T)'/3. (2) 

Careful experimental  investigations, made in recent  yea r s  with a se r ies  of mate r ia l s ,  show that the 
best  approximation to the experimental  data for PV and OL, close to the cr i t ical  point, is given by the 
more  general  relat ionship 
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Fig. 1. Plots of the quantities 6 P0 (shown dashed) and 
N o ve r sus  the p a r a m e t e r  T O for  eight ma te r i a l s .  

PL -- PV-- (Tcrit--7)~, (3) 

where the value for the critical exponent ~ is equal to 0.357 for CO 2 and 0.345 for Xe (see [5, 6]); 0.358 
for heptane [7] and nitrogen [8], and 0.333 for SF~ (see [9]), i.e., as before, /3 is close to 1/3. It should 
be pointed out that only the differences of the orthobaric densities enter into the expressions (2) and (3), 
thereby making it impossible to make a judgment concerning the symmetry of the boundary curve with 
respec t  to the cr i t ical  point [which contras ts  with the express ion  (1)]. 

The fo rm of the boundary curve in a neighborhood of Tc r i t  can be established experimental ly through 
a study of the i soehor ic  heat capacity Cv in passing f rom a heterogeneous region into a homogeneous one. 
The value of the lump in the heat capaci ty in this t ransi t ion,  namely, ACv, can, as shown in [10], uniquely 
de te rmine  the fo rm of the boundary curve :  

AC~ ~ lim (Pcrit- P) dp / dT ,  P~Pcrit �9 (4) 

In their  investigations of the heat capacity some authors observed a finite value for the jump ACv 
0 (see [10]), which cor responds  to a value of the coefficient ~ in the express ion  (3) equal to 1/2; other 

authors  (see [5]) a s sume  that ACv ~ ~ as T ~ Teri t  (/3 < 1/2), and, finally, a third group of authors give 
AC v = 0 (~ > 1 / 2 ,  see [11]). 

Thus, the question as to the fo rm of the boundary curve in a neighborhood of the cr i t ical  point has 
as yet  not been answered fully. However,  unquesti6nably the following conditions charac te r iz ing  the 
continuity of the t rans i t ion  f rom a liquid to a gaseous state must  be sat isf ied for the boundary curve for 
T cr i t :  
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TABLE I. Calculated Values of the Critical Temperature for 

Various Materials 

Material ~ Tcrit ~ 0 Tcrit ATcrit (6O*/P*)mi n 

COs 
HeO 
CI, 
SF~ 
C~H~ 
iso-CsHlz 
C~H14 
C~HI~ 
C~H1G 
CsH1B 
C~H6 
CHr 
C4H802 
CF3C1 

0,56 
0,47 
0,40 
0,62 
0,67 
0,34 
0,46 
0,46 
0,39 
0,86 
0,92 
0,75 
0,51 
0,86 

305,1 • 
647,3• 
4t7,0• 
318,4::k0,6 
368,7-1-0,4 
460,9_+0,3 
508,2T0,3 
500,6• 
540,3-4-0,2 
569,0 • l ,2 
303,2 :k ! ,9 
513,0• 
523,3• 
301,9• ,I 

0,9 
0,0 

--0,1 
--0,3 
--1,3 
--0, I 

0,3 
0,3 
0,1 

--0,4 
--2,2 
--0,2 

0,0 
0,0 

6,5 
6,5 
1,8 
7,6 
2,2 
5,6 
4,3 
2,9 
8,5 
8,5 
15 
7,3 
3,2 
6,9 

i) the curve must pass through the critical point 

(~v)rcri~ (PL)rc~it = Pc~i~ ; (5a) 

2) the curve must  be of the form 

PL - -  PV~ (Tern-- r)~,  (5b) 

w h e r e  the  va lue  of the  c r i t i c a I  exponen t  ~ ---- 1/3; 

3) at  l e a s t  the  f i r s t  d e r i v a t i v e s  of the  d e n s i t y  wi th  r e s p e c t  to  the  t e m p e r a t u r e  m u s t  be  i n f in i t e :  

(d,ov'dT)rcrit= --- (dPL/dT)rcri~= co, (5c) 

which corresponds  to the condition of infinite compress ibi l i ty  of the mater ia l  at the cr i t ical  point. 

Since the equilibrium densities a re  continuous functions of the tempera ture ,  they can be descr ibed 
with sufficient accu racy  (within the limits of prec is ion  of the experiment) throughout the tempera ture  in ter -  
va l  in  q u e s t i o n  by  p o w e r  s e r i e s  of the  f o r m  

r n  

Ov = Ao .-  ~ Am (To - -  T)~/., (6) 
1 

r n  

PL : Co -~- Z Cm (To - -  T) "In. (7) 
1 

In Eqs. (6) and (7) the physical  meaning of the coefficients A 0 and C O is that of cr i t icai  density, 
while the quantity To, t reated henceforth as a pa ramete r ,  has the significanee of a cr i t ical  t empera ture ,  
not as yet known accura te ly .  

The choice of the form of the polynomials (6) and (7) is not a random one but is stipulated so as to 
guarantee,  on the one hand, the best  approximation to the experimental  data, and, on the other hand, to 
sat isfy the conditions (5) at the cr i t ical  point. The lat ter  is necessary ,  since the determinat ion of Tcr i t  
by our method amounts,  in effect, to an extrapolation of the polynomials (6) and (7) to the cr i t ical  t empera -  
ture .  The experimental  data for the equilibrium densities are ,  in the general  ease, not necessa r i ly  o ~ h o -  
bar ic ;  therefore ,  in approximating them, we used independent equations. However, this does not eontra-  
diet the conditions (5), for whose satisfaction,  besides the equality of the eoeffieients A 0 and Co, the ex- 
ponent n m u s t  have  the  s a m e  va lue  in  both  e q u a t i o n s .  In a c c o r d a n c e  wi th  what  was  s a i d  above ,  we t a k e  the  
v a l u e  of n h e n c e f o r t h  equa l  to  t h r e e .  A c c o r d i n g  to  the  eond i t i ons  (5) and the  cho i ce  d e t e r m i n e d  fo r  the  a p -  
p r o x i m a t i n g  p o l y n o m i a l s  (6) and (7), our  me thod  has  m a d e  i t  p o s s i b l e ,  a long  with  a d e t e r m i n a t i o n  of T c r i t ,  
to  c a l c u l a t e  the  v a l u e  of the  c r i t i c a l  d e n s i t y  P e r i t .  

A s p e c i a l  p r o g r a m  was w r i t t e n  fo r  an  e l e c t r o n i c  d i g i t a l  c o m p u t e r  fo r  the  d e t e r m i n a t i o n  of the  c r i t i c a l  
t e m p e r a t u r e  in which  the  p a r a m e t e r  T O p a s s e d  t h rough  a s e r i e s  of v a l u e s  wi th  a s t e p  of s i z e  6T 0 (usua l ly ,  
6T 0 = 0.1~ whi le  the  d e g r e e  m of  the  p o l y n o m i a l s  v a r i e d  f r o m  1 to  14. A long  with  the  c o e f f i c i e n t s  A 0 
and C O ( the  c o e f f i c i e n t s  A m  and Cm w e r e  of no s p e c i a l  c o n c e r n  to us)  the  p r o g r a m  e a l e u l a t e d ,  fo r  e ach  m,  
the  v a l u e s  of the  d i s p e r s i o n  of the  p o l y n o m i a l s  (6) and (7). F o r  each  va lue  of t he  p a r a m e t e r  T O t h e r e  was 
thus  ob ta ined  a s e r i e s  of  v a l u e s  of the  c o e f f i c i e n t s  A 0 and Co, c ons t i t u t i ng  a func t ion  of d e g r e e  m and 
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determining,  genera l ly  speaking, a cr i t ical  density.  �9 According to [12], the unknown value of the cr i t ical  
densi ty n0 (for given T 0) can be found by averaging the values of A 0 and C O on sections of stability, i . e . ,  
the d i spers ion  constants of the polynomials  (6) and (7). F r o m  the A 0 and C O values corresponding to the 
stabil i ty sect ions for the determinat ion of P0, we selected only those which were included between the 
experimental  data for the vapor  and the liquid, i . e . ,  (PV)max < A0, Co < (PL)min. Thus, finally, to each 
value of the p a r a m e t e r  T O there  cor respond  N i values of the coefficients A 0 and N 2 values of the coefficients 
C 0, which, t rea ted  jointly, yield a value of the des i red  densi ty:  

N t  N ,  

l ! 

and its e r r o r  5p0, defined as the averaging e r r o r .  

As a resu l t  of these calculations,  we determined 
= N o on the p a r a m e t e r  T 0. We found that the functions 
maximum and minimum values,  respect ive ly  (see Fig. 

the dependence of the quantities P0, 5P0, Ni + N2 
N0(T 0) and 5P0(T 0) have an extremal  nature with 
1). On the contrary ,  the curve P0(T) has a more  

or  less stable cha rac te r  (within the l imits  of the e r r o r  5po), a resul t ,  evidently, of the validity of the 
rec t i l inear  d iamete r  rule .  The smal les t  value of the e r r o r  in the cr i t ical  density, (SP0)mi n, for a suffi- 
ciently large  number  of points close to N0max, must  correspond,  according to [12], to optimal values of 
the cr i t ica l  t empera tu re  Tcr i t  and the cr i t ical  density Pcrit .  In calculating the e r r o r s  in the value of the 
cr i t ica l  t empera tu re ,  namely,  5Tcri t ,  we assumed that the boundaries of a possible var ia t ion in the value 
of Tc r i t  lie between the values of the p a r a m e t e r  T o c losest  to Tcr i t ,  which correspond to one half the 
height of the peaks of 5P0(T 0) or  N0(T0). 

Our method was t r ied out on 14 different mate r ia l s  for which experimental  data a re  available for 
the equi l ibr ium densit ies over  a wide range of t empera tu res  and values of the cr i t ical  pa ramete r s  [13]. 
We i l lus t ra te  the method by present ing in the figure the functions 5P0(T 0) and N0(T0), obtained for eight 
ma te r i a l s .  The resul t s  of the calculations a re  shown in Table 1. In this table we give, for each mater ia l ,  
the value of w = [(PL - PV)/i/2(PL + PV)]min cha rac te r i z ing  the degree of const r ic t ion of the exper imen-  
tal boundary curve or proximity  of the experimental  data to the cr i t ica l  point. The calculated value of the 
cr i t ica l  t empera tu re  Tcr i t  and its e r r o r  5Tcri t ,  and also the value of the deviation of our resul ts  f rom 
those given in the l i t e ra ture  (see [13]), namely, ATcr i t  = (Tcrit)cal -- (Tcrit)lit,  a re  given in ~ In the 
las t  column we give the percent  re la t ive  e r r o r  in the determinat ion of the cr i t ical  density corresponding to 
the minimum of the curve 5P0(T0). 

It can be seen f rom the table that the value of the deviation ATcr i t  l ies,  for the major i ty  of the mate-  
r i a l s ,  within the l imits of the mean  e r r o r  5Tcri t  of the calculated Tcr i t  values,  i . e . ,  ATcri t  < 5Tcri t ,  
which tes t i f ies  to the rel iabi l i ty of the resu l t s  calculated by our method. It is a lso evident that the magni-  
tude of the absolute e r r o r  5Tcr i t  that is obtained depends s t rongly on the proximity ~0 of the experimental  
data to the cr i t ical  point. Thus, our method for determining the cr i t ical  t empera tu re  f rom the experimental  
data on the boundary curve ps(T), for a) less  than 0.8 to 0.9, guarantees  an accuracy  in the calculations of 
Tc r i t  no worse  than 0.1%, and, at the same t ime,  it enables us to determine the cr i t ical  density to within 
5%. A more  accura te  (apparently, to within 1%) value of the cr i t ical  density can be had upon extrapolating 
the rec t i l inear  d iamete r  to the a l ready known value of the cr i t ical  t empera tu re .  

We note, in conclusion, that the method we have descibed above was applied to determine the cr i t ical  
t empera tu re  of hexafiuorides of molybdenum, tungsten, and uranium from experimental  data on the boun- 
dary  curve [14-16]. Theva lues  of Tc r i t  turned out to be equal to 485.2 �9 1.0; 452.7 ~ 0.7; and 504.5 1.0~ 
respect ively ,  while the values of the cr i t ica l  density ~crit ,  calculated according to the rec t i l inear  d iameter  
rule,  turned out to be 0.916 + 0.008; 1.28 =~ 0.015; and 1,.38 ~ 0.012 g / c m  3, respect ively .  
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